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POTENTIAL EFFECTS OF A REALISTIC SOLAR SAIL AND
COMPARISON TO AN IDEAL SAIL
Jules Simo∗ and Colin R. McInnes†
Solar sail technology offers new capabilities for space missions due to the op-
portunities for non-Keplerian orbits. In this paper, novel families of highly non-
Keplerian orbits for spacecraft utilising solar sail at linear order are investigated in
the Earth-Moon circular restricted three-body problem. Firstly, it is assumed im-
plicitly that the solar sail is a perfect reflector. Based upon the first-order approxi-
mation, an analytical formulation of the periodic orbits at linear order is presented.
The approximate analytical solutions offer useful insights into the nature of the
motion in the vicinity of the libration points, and are used to give periodic solu-
tions numerically in the full nonlinear system. These orbits were accomplished by
using an optimal choice of the sail pitch angle, which maximize the out-of-plane
distance. Thereafter, the resulting effects of the non-ideal flat sail model have
been computed and compared with an ideal solar sail. A square sail configuration,
which is likely to be chosen for various near-term sail missions is used to illustrate
the concept. The main effect of the non-perfect sail is to reduce the out-of-plane
displacement distance which may be achieved for a given characteristic acceler-
ation. It is also observed that there is a significant deviation in force magnitude
between the realistic solar sail and the ideal solar sail model.
INTRODUCTION
Now more than a speculative technology, solar sailing offers new capabilities for the design of
space missions. This new concept promises to be useful in overcoming the challenges of trans-
portation throughout the solar system. By exploiting the momentum transported by solar photons,
solar sails can perform new high-energy mission concepts, which are essentially impossible for
conventional propulsion, without the need for reaction mass. A practical concern for other forms of
low-thrust propulsion is the limited mission duration, which is fixed by the propellant mass fraction
of the spacecraft.1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 For these reasons, solar sails with a large propellantless
∆V capability can provide a wide range of opportunities for innovative low-cost missions.
A solar sailing mission architecture with a solar sail loading (mass per unit area) of only 1.5 gm−2
would enable solar physics missions that could levitate above the solar poles, providing continuous
observations or hovering at any particular location in the solar system. Such a solar sail could also
displace circular heliocentric orbits high above the ecliptic plane, where the orbit period is chosen
to be synchronous with the Earth or some other solar system body. Solar radiation pressure also
impacts the location of the libration points. Consequently, the libration points of the Earth-Sun
system can be artificially displaced using a modest solar sail. A case study example is the location
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Figure 1. Representative forces on a non-perfectly reflecting solar sail.
of the L1 point, that can be displaced closer to the Sun or even above the plane of the Earth’s orbit.
The proposed new sunward equilibrium location formed the basis for the NASA/NOAA Geostorm
mission concept.
In this work, novel families of highly non-Keplerian orbits (NKO) for spacecraft utilising so-
lar sail at linear order are investigated in the Earth-Moon circular restricted three-body problem
(CRTBP).1, 15, 16, 17, 18, 2, 3, 4, 19, 20 Throughout this paper, the sail optical parameters for a 100 × 100
m square solar sail will be used to compare the optical solar sail model (realistic solar sail model)
to an ideal solar sail. A particular use of such orbits includes continuous communications between
the equatorial regions of the Earth and the lunar poles to support future robotic and human explo-
ration.21, 22, 23, 24
FORCE ON A NON-PERFECTLY REFLECTING SOLAR SAIL
The assumption of an ideal flat solar sail can render the model inaccurate, since for a realistic
solar sail the effects of an imperfect reflector can be considered in the model. A significant feature
for the non-perfect flat solar sail is that the so-called cone angle reaches a maximum, limiting the
operational range of the solar sail, whereas for the ideal sail the thrust vector is always oriented
normal to the sail surface and can in principle be operated up to a 90◦ Sun angle. In a prior study, it
was assumed implicitly that the solar sail is a perfect reflector. Thus, by adding the force due to the
incident and reflected photons, the resulting force exerted on the solar sail is directed normal to the
sail surface. This is in contrast to the non-ideal flat sail model, where one component of the force
is along the sail surface, and so the combined force is no longer normal to the sail surface. As can
be seen in Figure 1, the force exerted on the solar sail has a normal component Fn and a transversal
component Ft.
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The force due to absorption is denoted by Fa and the force Fe from re-radiated photons as would
be computed from thermodynamics will be defined by a vector n normal to the sail surface.
By making use of the reflectance, absorption and emissitivity of the sail film, the total force acting
on the solar sail due to the solar radiation pressure is given by
FSail = Fr + Fa + Fe, (1)
where the force due to reflection Fr is the sum of a fraction s due to specular reflection acting along
the normal and the transverse directions and a fraction Bf (1 − s) due to diffuse reflection acting
along the normal direction. It should be noted that Bf is the non-Lambertian coefficient of the front
surface of the sail and s a fraction of specularly reflected photons.
The total force will depend upon the optical characteristics of the sail film, which can be param-
eterised by the reflection coefficient ρ˜, the absorption coefficient a and the transmission coefficient
τ such that
ρ˜+ a+ τ = 1. (2)
Since the transmission coefficient τ = 0 on the reflecting side of the sail, the absorption coeffi-
cient is given by
a = 1− ρ˜. (3)
The direction of incidence of photons will be defined by a unit vector ui and the direction of
specularly reflected photons by a unit vector ur.
The total force exerted on the solar sail is obtained after decomposing the forces involved into
their normal and transverse components as
Fn = PA
[
(1 + ρ˜s) cos2(γ) +Bf (1− s)ρ˜ cos(γ) (4)
+(1− ρ˜)εfBf − εbBb
εf + εb
cos(γ)
]
n,
Ft = PA(1− ρ˜s) cos(γ) sin(γ)t, (5)
where P is the solar radiation pressure, A is the area of the sail, εf and εb are the front and back
emissivities respectively, Bb is the non-Lambertian coefficient of the back surface of the sail respec-
tively, ρ˜ is the reflection coefficient and σ˜ is the Stefan-Boltzmann constant.
Thus, equations (4) and (5) can be reduced to
Fn = PA
[
a1 cos2(γ) + a2 cos(γ)
]
n, (6)
Ft = PAa3 cos(γ) sin(γ)t, (7)
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where the optical properties of the sail film are given by the coefficients
a1 = 1 + ρ˜s, (8)
a2 = Bf (1− s)ρ˜+ (1− ρ˜)εfBf − εbBb
εf + εb
, (9)
a3 = 1− ρ˜s. (10)
The total force vector may then be written in terms of normal and transversal components as
FSail =
√
F 2n + F 2t m,
= PA
√
(a1 cos(γ) + a2)2 + a23 sin
2(γ) cos(γ)m, (11)
where m is the unit vector in the direction of the total force, as shown in Figure 1.
For an ideal sail (i.e. a perflect reflector) ρ˜ = s = 1, hence a1 = 2, a2 = a3 = 0, and the total
force exerted on the solar sail is given by
FSail = 2PA cos2(γ)n, (12)
with n=m.
The direction of incidence of photons is defined by a unit vector ui and the direction of specularly
reflected photons by a unit vector ur. The solar sail orientation is defined by a vector n normal to
the sail surface with a transverse unit vector t perpendicular to n. The angle between m and ui is
defined by the cone angle θ and the angle between m and n is called center-line angle φ, and γ is
again the pitch angle of the solar sail relative to the Sun-line, as shown in Figure 1.
The center-line angle is given by
φ = arctan
(
Ft
Fn
)
,
= arctan
(
a3 sin(γ)
a1 cos(γ) + a2
)
, (13)
while the cone angle θ can be calculated using the relation γ = θ + φ, again shown in Figure 1.
The cone angle can then be expressed as
θ = γ − arctan
(
a3 sin(γ)
a1 cos(γ) + a2
)
. (14)
EQUATIONS OF MOTION IN PRESENCE OF A SOLAR SAIL
The nondimensional equation of a motion of a solar sail in the rotating frame of reference is
described by
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Figure 2. Schematic geometry of the Earth-Moon restricted three-body problem.
d2r
dt2
+ 2ω × dr
dt
+∇U(r) = aS , (15)
where ω = ωzˆ (ˆz is a unit vector pointing in the direction z) is the angular velocity vector of
the rotating frame and r is the position vector of the sail relative to the center of mass of the two
primaries. The small annual changes in the inclination of the Sun-line with respect to the plane of
the system will not be considered. By introducing the three-body gravitational potential V (r) due
to the primaries, and the scalar potential Φ(r) to represent the conservative centripetal acceleration,
the new modified potential function (pseudo-potential function) is defined by
U(r) = V (r) + Φ(r), (16)
where
V (r) = −
[
1− µ
r1
+
µ
r2
]
, (17)
Φ(r) = −1
2
(x2 + y2), (18)
with
∇V (r) = 1− µ
r31
r1 +
µ
r32
r2, (19)
∇Φ(r) = ω × (ω × r). (20)
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The three-body pseudo-potential U(r) and the solar radiation pressure acceleration aS are defined
by
U(r) = −
[
1
2
|ω × r|2 + 1− µ
r1
+
µ
r2
]
, (21)
aS = a0(S · n)2n, (22)
where µ is the mass ratio for the Earth-Moon system. The sail position vectors w.r.t. m1 and m2
respectively (see Figure 2) are r1 = [x+µ, y, z ]T and r2 = [x−(1−µ), y, z]T , a0 is the magnitude
of the solar radition pressure acceleration exerted on the sail, and the unit vector n denotes the thrust
direction. The sail is oriented such that it is always directed along the Sun-line S, pitched at an angle
γ to provide a constant out-of-plane force. The unit normal to the sail surface n and the Sun-line
direction S are given by
n =
[
cos(γ) cos(ω?t) − cos(γ) sin(ω?t) sin(γ)
]T
, (23)
S =
[
cos(ω?t) − sin(ω?t) 0
]T
, (24)
where ω? = 0.923 is the angular rate of the Sun-line in the corotating frame in a dimensionless
synodic coordinate system. The sail normal is chosen to follow the Sun-line and maintain a fixed
pitch angle γ, as shown in Figure 2.
LINEARIZED SYSTEM
The dynamics of the sail in the neighborhood of the libration points will now be investigated. The
coordinates of the equilibrium point are defined as rL = (xLi , yLi , zLi)T with i = 1, · · · , 5. Let a
small displacement in rL be δr such that r → rL + δr. The equation of motion for the solar sail in
the neighborhood of rL is therefore
d2δr
dt2
+ 2ω × dδr
dt
+∇U(rL + δr) = aS(rL + δr). (25)
Then, retaining only the first-order term in δr = (ξ, η, ζ)T in a Taylor-series expansion, where
(ξ, η, ζ) are attached to the Lagrange points, the gradient of the potential and the acceleration can
be expressed as
∇U(rL + δr) = ∇U(rL) + ∂∇U(r)
∂r
∣∣∣∣
r=rL
δr +O(δr2), (26)
aS(rL + δr) = aS(rL) +
∂aS(r)
∂r
∣∣∣∣
r=rL
δr +O(δr2). (27)
It is assumed that ∇U(rL) = 0, and the acceleration is constant with respect to the small dis-
placement δr, so that
∂aS(r)
∂r
∣∣∣∣
r=rL
= 0. (28)
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The linear variational system associated with the libration points at rL can be determined by substi-
tuting equations (26) and (27) into (25)
d2δr
dt2
+ 2ω × dδr
dt
+Kδr = 0, (29)
where the matrix K is defined as
K = −
[
∂∇U(r)
∂r
∣∣∣∣
r=rL
]
. (30)
Using matrix notation the linearized equation of motion about the libration point (Equation (29))
can be represented by the inhomogeneous linear system X˙ = AX + b(t), where the state vector
X = (δr, δr˙)T , and b(t) is a 6× 1 vector, which represents the solar sail acceleration.
The Jacobian matrix A has the general form
A =
(
03 I3
K Ω
)
, (31)
where I3 is a identity matrix, and
Ω =
 0 2 0−2 0 0
0 0 0
 . (32)
For convenience the sail attitude is fixed such that the sail normal vector n, points always along
the direction of the Sun-line with the following constraint S · n ≥ 0. Its direction is described by
the pitch angle γ relative to the Sun-line, which represents the sail attitude.
EFFECT OF A NON-IDEAL FLAT SAIL MODEL
Considering the non-ideal flat sail model, the total force vector can be written in terms of normal
and transversal components as
FSail =
√
F 2n + F 2t m,
= PA
√
(a1 cos(γ) + a2)2 + a23 sin
2(γ) cos(γ)m, (33)
where m is the unit vector in the direction of the total force.
Furthermore, the solar radiation pressure acceleration is given by
aSail =
P
σ
√
(a1 cos(γ) + a2)2 + a23 sin
2(γ) cos(γ)m,
=
a0
2
√
(a1 cos(γ) + a2)2 + a23 sin
2(γ) cos(γ)m, (34)
where a0 is the characteristic acceleration of the non-ideal sail. Thus, the acceleration now acts in
direction m rather than normal to the sail surface in direction n, as shown for the ideal sail. It is also
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Table 1. Optical coefficients for an ideal solar sail and JPL (Jet
Propulsion Laboratory) square sail.
ρ˜ s εf εb Bf Bb
Ideal sail 1 1 0 0 23
2
3
Square sail 0.88 0.94 0.05 0.55 0.79 0.55
observed that there is a significant deviation in force magnitude between the realistic solar sail and
the ideal solar sail model.
The sail optical parameters for a 100×100 m square solar sail will be used to compare the optical
solar sail model (realistic solar sail model) to an ideal solar sail, as shown in Figure 3 (a). Then, the
force exerted on the realistic solar sail is less than that on the ideal solar sail.
Using the values given in Table 1, the characteristic The characteristic acceleration of the non-
ideal sail can be expressed as
a0 =
PA(a1 + a2)
m
,
=
P (a1 + a2)
σ
. (35)
Similarly, the characteristic acceleration for an ideal sail is given by
a0 =
2P
σ
. (36)
Recall that the required sail acceleration for a fixed distance ζ0 is again given by
a0 =
ζ0|Uozz|
cos(γ)2 sin(γ)
. (37)
For the realistic solar sail, the out-of-plane distance may then be written approximately as
ζrss0 = a0 cos
2(γ) sin(γ)|Uozz|−1,
=
P (a1 + a2)
σ
cos2(γ) sin(γ)|Uozz|−1. (38)
Similarly, the out-of-plane distance for the ideal solar sail is again given by
ζiss0 =
2P
σ
cos2(γ) sin(γ)|Uozz|−1. (39)
Comparing equation (38) and (39), one can see that
ζrss0
ζiss0
=
a1 + a2
2
,
≈ 0.9081. (40)
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Figure 3. (a) Force exerted on a 100 × 100 m ideal square solar sail and non-ideal
square solar sail at 1 AU; (b) Cone angle for an ideal solar sail and non-ideal solar sail
model.
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Figure 4. Center-line angle for a non-ideal solar sail model.
Therefore, the out-of-plane distance due to the realistic solar sail is less by a factor of order 0.0919
than that on the ideal solar sail. The main effect of the non-perfect sail is to reduce the out-of-plane
displacement distance which may be achieved for a given characteristic acceleration.
Again, the realistic solar sail model can be compared with an ideal solar sail using the cone angle,
as shown in Figure 3 (b). Most importantly, the realistic square solar sail model can only direct its
force vector to a maximum cone angle of 55.5◦ (corresponding to a sail pitch angle of 72.6◦) due to
the center-line effect. It should be noted that the center-line angle for a perfectly reflecting solar sail
vanishes since the force vector is always directed normal to the sail surface, while the non-perfect
solar sail has a center-line angle due to the optical absorption. Then, Figure 4 shows the variation
of the centerline angle as a function of the pitch angle.
Equation (38) is approximate since the angle γ is the pitch angle, while for a realistic sail, one
should use the cone angle, but the difference will be small.
9
ONE-MONTH ORBITS
This section is now concerned with the numerical computation of displaced periodic orbits around
the Lagrange points in the Earth-Moon system. For example, the numerical nonlinear results for the
Lagrange points L4 (Figure 5 (a)), and L5 (Figure 7 (b)) demonstrate, that displaced periodic orbits
appear in their vicinity with a period of 28 days (synodic lunar month).
Furthermore, the numerically integrated nonlinear (solid line) equations match the linear analytic
solutions (dashed line) for a small displaced orbit (Figure 6, 8 (a) for L4 and Figure 6, 8 (b) for L5).
Good agreement was obtained between the linear analytic solutions (dashed line) and the numerical
nonlinear solutions (solid line) over the entire period.
It was found that for a given displacement distance above/below the Earth-Moon plane it is easier
by a factor of order 3.19 to do so at L4/L5 compared to L1/L2 - ie. for a fixed sail acceleration the
displacement distance at L4/L5 is greater than that at L1/L2. In addition, displaced L4/L5 orbits
are passively stable, making them more forgiving to sail pointing errors than highly unstable orbits
at L1/L2.
The drawback of the new family of orbits at L4 and L5 is the increased telecommunications
path-length, particularly the Moon-L4 distance compared to the Moon-L2 distance.
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Figure 5. (a) Periodic orbits at linear order around L4; (b) Periodic orbits at linear
order around L5 (ζ = 200 km).
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Figure 6. (a) Comparison between the analytical (dashed line) and nonlinear (solid
line) results (L4) for a constant displacement distance of ζ = 200 km; (b) Compar-
ison between the analytical (dashed line) and nonlinear (solid line) results (L5 for a
constant displacement distance of ζ = 200 km).
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Figure 7. (a) Periodic orbits at linear order around L4; (b) Periodic orbits at linear
order around L5 (ζ = 500 km).
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Figure 8. (a) Comparison between the analytical (dashed line) and nonlinear (solid
line) results (L4) for a constant displacement distance of ζ = 500 km; (b) Compari-
son between the analytical (dashed line) and nonlinear (solid line) results (L5) for a
constant displacement distance of ζ = 500 km.
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CONCLUSIONS
In this paper a novel family of displaced periodic orbits at linear order using solar sail propulsion
have been presented from the non-autonomous Earth-Moon system. Using the linearized equations
of motion around the Lagrange points, periodic orbits that are displaced can be derived, which
will be interesting for future mission design for lunar communication applications. Thereafter, the
resulting effects of the non-ideal flat sail model have been computed and compared with an ideal
solar sail. It is observed that there is a significant deviation in force magnitude between the realistic
solar sail and the ideal solar sail model. Then, the force exerted on the realistic solar sail is less
than that on the ideal solar sail. Therefore, the out-of-plane distance due to the realistic solar sail
is less by a factor of order 0.0919 than that on the ideal solar sail. Again, the main effect of the
non-perfect sail is to reduce the out-of-plane displacement distance which may be achieved for a
given characteristic acceleration.
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